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a b s t r a c t
Consider the rational difference equation
xn+1 = xn + xn−1 + Axn−2xn−3Axnxn−1 + xn−2 + xn−3 , n = 0, 1, 2, . . . ,
with initial conditions x−3 > 0, x−2 > 0, x−1 > 0, x0 > 0. We prove that c = 1 is
a globally asymptotically stable equilibrium of this equation if 1 ≤ A < 2. This result
extends a previously known result.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Ladas [1] proposed to study the qualitative property of the Putnam equation
xn+1 = xn + xn−1 + xn−2xn−3xnxn−1 + xn−2 + xn−3 , n = 0, 1, 2, . . . , (1.1)
with initial conditions x−3 > 0, x−2 > 0, x−1 > 0, x0 > 0. Kruse and Nesemann [2] showed that this equation admits a
globally asymptotically stable equilibrium c = 1. From then on, rational difference equations with c = 1 as equilibrium
have received considerable attention [3–15].
Inspired by the previous work, this work addresses the difference equation
xn+1 = xn + xn−1 + Axn−2xn−3Axnxn−1 + xn−2 + xn−3 , n = 0, 1, 2, . . . , (1.2)
where A > 0, x−3, x−2, x−1, x0 are positive reals. This equation is a generalization of the Putnam equation. We prove that
c = 1 is a globally asymptotically stable equilibrium of this equation if 1 ≤ A < 2. This result extends the aforementioned
result.
2. Fundamental knowledge
For fundamental knowledge concerning the stability of difference equations, the reader is referred to Ref. [16]. Let R+
stand for the whole set of positive reals, d stand for a metric defined on (R+)r .
Theorem 2.1 ([2,14]). Let T : (R+)r → (R+)r be a continuous mapping with an equilibrium C ∈ (R+)r . Consider the system of
first-order difference equations
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Xn+1 = T (Xn), n = 0, 1, 2, . . . .
Suppose there is a positive integer k such that d(T k(X), C) < d(X, C) holds for each X 6= C. Then C is globally asymptotically
stable.
The part-metric p on (R+)r is defined in this way: for X = (x1, . . . , xr)T ∈ (R+)r , Y = (y1, . . . , yr)T ∈ (R+)r , p(X, Y ) =
−log2min{ xiyi ,
yi
xi
: 1 ≤ i ≤ r}.
Theorem 2.2 ([3]). Consider the difference equation
xn+1 = xn + xn−1 + xn−2xn−3xnxn−1 + xn−2 + xn−3 , n = 0, 1, 2, . . . , (2.1)
with initial conditions x−3 > 0, x−2 > 0, x−1 > 0, x0 > 0. The equilibrium c = 1 of Eq. (2.1) is globally asymptotically stable.
The following equations are well known.
Theorem 2.3. Let a1, . . . , ak, b1, . . . , bk be positive numbers. Then
min
{
ai
bi
: 1 ≤ i ≤ k
}
≤
k∑
i=1
ai
k∑
i=1
bi
≤ max
{
ai
bi
: 1 ≤ i ≤ k
}
.
Moreover, either of the two equalities holds if and only if a1b1 =
a2
b2
= · · · = akbk .
3. Main result
The main result of this work is formulated as follows:
Theorem 3.1. Let 1 ≤ A < 2. Consider the difference equation
xn+1 = xn + xn−1 + Axn−2xn−3Axnxn−1 + xn−2 + xn−3 , n = 0, 1, 2, . . . , (3.1)
with initial conditions x−3 > 0, x−2 > 0, x−1 > 0, x0 > 0. The equilibrium c = 1 of Eq. (3.1) is globally asymptotically stable.
In order to prove this theorem, we need the following lemmas.
Lemma 3.2 ([3]). Let a1, a2, a3, a4 be positive reals. Then
a4 + a3 + a2a1
a4a3 + a2 + a1 ≥ min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
.
Moreover, the equality holds if and only if (a1, a2, a3, a4)T = (1, 1, 1, 1)T.
Lemma 3.3. Let a1, a2, a3, a4 be positive reals. Then
a4 + a3 + 2a2a1
2a4a3 + a2 + a1 ≥ min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
.
Proof. By Theorem 2.3 we get
a4 + a3 + 2a2a1
2a4a3 + a2 + a1 =
a4 + a3 + a2a1 + a2a1
a4a3 + a4a3 + a2 + a1 ≥ min
{
1
a3
,
1
a4
, a1, a2
}
≥ min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
. 
Lemma 3.4. Let 1 ≤ A < 2, a1, a2, a3, a4 be positive reals. Then
a4 + a3 + Aa2a1
Aa4a3 + a2 + a1 ≥ min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
.
Moreover, the equality holds if and only if (a1, a2, a3, a4)T = (1, 1, 1, 1)T.
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Proof. Consider the function f (x) = a4+a3+a2a1xa4a3x+a2+a1 , 1 ≤ x ≤ 2. Observe that
df (x)
dx = a2a1(a2+a1)−a4a3(a4+a3)(a4a3x+a2+a1)2 . We distinguish
among three possibilities.
Case 1: a2a1(a2+ a1) > a4a3(a4+ a3). Then (a1, a2, a3, a4)T 6= (1, 1, 1, 1)T, and f (x) is strictly monotonically increasing. By
Lemma 3.2, we get
a4 + a3 + Aa2a1
Aa4a3 + a2 + a1 ≥
a4 + a3 + a2a1
a4a3 + a2 + a1 > min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
.
Case 2: a2a1(a2 + a1) = a4a3(a4 + a3). It follows from Lemma 3.2 that
a4 + a3 + Aa2a1
Aa4a3 + a2 + a1 =
a4 + a3 + a2a1
a4a3 + a2 + a1 ≥ min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
.
The equality holds if and only if (a1, a2, a3, a4)T = (1, 1, 1, 1)T.
Case 3: a2a1(a2 + a1) < a4a3(a4 + a3). Then f (x) is strictly monotonically decreasing. It follows from Lemma 3.3 that
a4 + a3 + Aa2a1
Aa4a3 + a2 + a1 >
a4 + a3 + 2a2a1
2a4a3 + a2 + a1 ≥ min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
. 
Proof of Theorem 3.1. In the case A = 1, the claimed result follows from Theorem 2.2. Now, assume 1 < A < 2. The system
of first-order difference equations associated with Eq. (3.1) is
Yn+1 = T (Yn), n = 0, 1, 2, . . . , (3.2)
where T : (R+)4 → (R+)4 is a continuous mapping defined by
T ((a1, a2, a3, a4)T) =
(
a2, a3, a4,
a4 + a3 + Aa2a1
Aa4a3 + a2 + a1
)T
.
It suffices to show that C = (1, 1, 1, 1)T is a globally asymptotically stable equilibrium of system (3.2). Consider an arbitrary
point (a1, a2, a3, a4)T ∈ (R+)4, (a1, a2, a3, a4)T 6= (1, 1, 1, 1)T. Let T 4((a1, a2, a3, a4)T) = (a5, a6, a7, a8)T. Then
a5 = a4 + a3 + Aa2a1Aa4a3 + a2 + a1 , a6 =
a5 + a4 + Aa3a2
Aa5a4 + a3 + a2 ,
a7 = a6 + a5 + Aa4a3Aa6a5 + a4 + a3 , a8 =
a7 + a6 + Aa5a4
Aa7a6 + a5 + a4 .
From Lemma 3.4, we get
a5 > min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
. (3.3)
And similarly,
1
a5
> min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
. (3.4)
Again by Lemma 3.4 and from Eqs. (3.3) and (3.4), we deduce
a6 ≥ min
{
a2, a3, a4, a5,
1
a2
,
1
a3
,
1
a4
,
1
a5
}
≥ min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
.
Suppose the first equality holds. It follows from Lemma 3.4 that (a2, a3, a4, a5)T = (1, 1, 1, 1)T. Then 1 = a5 =
a4+a3+Aa2a1
Aa4a3+a2+a1 =
2+Aa1
A+1+a1 . This yields a1 = 1 and, hence, (a1, a2, a3, a4)T = (1, 1, 1, 1)T. A contradiction occurs. So, we have
a6 > min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
. (3.5)
Likewise, we can derive the following equations:
1
a6
> min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
, (3.6)
a7 > min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
, (3.7)
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1
a7
> min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
, (3.8)
a8 > min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
, (3.9)
1
a8
> min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
. (3.10)
Eqs. (3.3)–(3.10) yield
min
{
a5, a6, a7, a8,
1
a5
,
1
a6
,
1
a7
,
1
a8
}
> min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
,
which leads to
p(T 4((a1, a2, a3, a4)T), C) = − log2min
{
a5, a6, a7, a8,
1
a5
,
1
a6
,
1
a7
,
1
a8
}
< − log2min
{
a1, a2, a3, a4,
1
a1
,
1
a2
,
1
a3
,
1
a4
}
= p((a1, a2, a3, a4)T, C).
The claimed result follows from Theorem 2.1. The proof is complete. 
By computer simulations, we find a value α ≈ 3.424 such that (1) c = 1 is a globally asymptotically stable equilibrium
of Eq. (3.1) if A < α; and (2) every sequence determined by Eq. (3.1) except the one with initial conditions x−3 = x−2 =
x−1 = x0 = 1 exhibits chaotic behavior of some kind if A > α.
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